A new mixed displacement-pressure element for solving solid-pore fluid interaction problems is presented. In the resulting coupled system of equations the balance of momentum equation remains unaltered, while the mass balance equation for the pore fluid is stabilized with the inclusion of higher order terms multiplied by arbitrary dimensions in space, following the Finite Calculus (FIC) procedure. The stabilized FIC-FEM formulation can be applied to any kind of interpolation for the displacements and the pressure, but in this work we have used linear elements of equal order interpolation for both set of unknowns. Examples in 2D and 3D are presented to illustrate the accuracy of the stabilized formulation for solid-pore fluid interaction problems.
Introduction
Problems involving the flow of a fluid through a porous medium have always been the object of special interest in geomechanics. From the classical contributions of Terzaghi [1] and Biot [2] important effort has been made in the last decades to develop competent numerical methods in poromechanics that allow analysing and understanding the complexity of the mechanisms involved in problems with a coupling between a solid skeleton and a fluid phase.
In hydrogeology, for instance, these numerical methods are important to represent the water flow through porous soil when characterizing aquifers performance (storage capacity, water transmissivity, water content, etc.), and also to study the dispersion and transport of dissolved contaminants [3] .
Another important field of application is in petroleum engineering. Here, the oil-gas-soil interaction takes the leading role along with the hydraulic fracturing as a common technique to enhance reservoir permeability and well efficiency [4, 5] .
Other applications for numerical methods in poromechanics have recently emerged for a variety of applications, such as underground storage of carbon dioxide [6] , geothermal energy production simulation [7] , and even analysis of interstitial flow in bone tissue [8] .
In 1943, a 1D theory of consolidation was proposed by Terzaghi [1] . This theory was then extended by Biot to 3D cases [2, 9, 10] . Although these first works were restricted to linear elastic materials, they have been the basis for much subsequent research in geophysics, soil and rock mechanics.
The first numerical solution of Biot's formulation was obtained by Ghaboussi and Wilson [11] and the work was further developed by Zienkiewicz et al. [12, 13] . Later on, due to the increasing interest in non-linear applications, Zienkiewicz and co-workers expanded the theory to a generalized incremental form for non-linear materials and large deformation problems [14, 15] .
The mathematical formulation of solid skeleton and pore fluid interaction presented here is based on the model proposed by Zienkiewicz et al. [12] . The problem was originally formulated for fully saturated conditions in terms of the solid matrix displacement u i , the mean fluid velocity relative to the solid phase w i and the fluid pore pressure p. However, in many geo-mechanical problems with no high-frequency phenomena involved, the fluid relative velocity w i can be neglected and so the equations can be simplified to work with only two main variables: the displacements u i and the pressure p [16] .
Although in this work we have solved a two-phase medium, i.e. soil and water, the generalization to three-phase problems, such as those encountered in unsaturated soils or in oil-gas-soil interaction, are possible extensions of the numerical approach presented here. In this regard, a simple extension of the two phase formulation to semi-saturated problems was proposed by Zienkiewicz et al. [17] and further development was reported by Gawin and Schrefler [18] , and Khoei et al. [19] .
In the limit of nearly incompressible pore fluid and small permeability, the coupled poromechanics formulations suffer from instability problems. Finite elements exhibit locking in the pressure field and spurious oscillations in the numerical solution for the pressure appear near this fully incompressible limit, due to the violation of the so-called Babuska-Brezzi conditions [20, 21] .
The oscillations can be overcome by locally refining the mesh and by using shape functions of the displacement field one order higher than those of the pressure field. In practical applications this is, however, not the best approach because of the increment in the computational cost. In this sense, stabilization methods have been found to be powerful tools to circumvent the Babuska-Brezzi conditions violation without compromising the efficiency of the computation.
Several stabilization techniques have been investigated in the past years in the context of computational fluid dynamics [22] [23] [24] [25] [26] [27] and (incompressible) solid mechanics [28] [29] [30] [31] [32] , and have been also extended to poromechanics problems [33] [34] [35] [36] [37] .
Although each stabilization approach has its differential aspects, they can be classified in three main categories.
The first category comprises those techniques in which special time stepping schemes are applied in order to generate stabilization terms. Probably the earliest work in this category is due to Chorin [22] who proposed a technique to deal with incompressible fluid problems which is now referred as the fractional step method or the operator-splitting method. Such a staggered time stepping algorithm has been found to provide stabilization in the steady-state when used in a convenient form [22, 25, 34, 35] .
The second type of techniques are more direct stabilization methods based on the perturbation of the fluid mass conservation equation. Thereby, instead of using special time-stepping algorithms resulting in additional terms in the steady-state approximation, the fluid balance equation is modified by adding a stabilization term multiplied by a parameter that needs to be carefully calibrated [23, 24, 30, 33] . This group also includes the methods based on the concept of Polynomial-Pressure-Projections, in which the additional stabilizing terms use element-local projections of the pressure field to counteract the inherent instabilities [37] [38] [39] [40] .
The third category considered here is the Finite Increment Calculus method, also called Finite Calculus (FIC) [26, 27, 31, 32, 41, 42] , which is the approach also adopted in the present work. The FIC technique is based on expressing the equations of balance of mass and momentum in a space/time domain of finite size and retaining higher order terms in the Taylor series expansion typically used for expressing the change in the transported variables within the balance domain. In addition to the standard terms of infinitesimal theory, the FIC form of the balance equations contains derivatives of the classical differential equations multiplied by characteristic distances in space and/or time.
Previously stabilized FIC-FEM formulations were based on the firstorder form of the FIC balance equation in space and can be found in the literature for quasi and fully incompressible fluids and solids [26, 27, 31, 32] , and even for 1D and 2D poromechancis problems [43] . In this work, the more recent second-order FIC form of the mass balance equation [41, 42] has been adopted as the basis for deriving the stabilized FIC-FEM formulation for 2D and 3D poromechanics problems. This new formulation takes advantage of the second order derivatives terms to provide a simpler procedure for obtaining a residual-based stable form of the mass balance equation suitable for finite element analysis. Proof of the good results of this formulation regarding convergence and mass conservation are given in [42] .
In this work we present a robust finite element for solving solid-pore fluid interaction problems, in which the continuity equation is stabilized by means of the FIC method. The element is based on a mixed displacement-pressure formulation with equal order interpolation for the displacement and pressure variables. In this work linear elements are used for simplicity.
The paper is organized as follows. First, the finite element formulation is introduced, starting from the governing equations of the problem and the fully coupled system of equations to be solved. After that, the instability problem is stated and the stabilization by means of the second-order FIC form of the mass balance equation in space is thoroughly detailed. Finally, two academic examples are solved in order to test the implemented mixed linear element and compare it to stable elements with a higher order interpolation for the displacement field.
General finite element formulation
In the theory of porous media, the effective stress is an essential concept for defining the stress state because it is responsible for the major deformations and rupture of the solid skeleton. Let σ ij be the total stress (positive in tension) acting on the total area of the soil and the pores, and p the pressure of the fluid in the pores (positive in compression), the effective stress is defined as:
where δ ij is the Kronecker delta and α is Biot's coefficient [44] :
with K s being the bulk modulus of the solid phase and K the bulk modulus of the porous medium:
In order to account for the coupling between the solid and fluid phases, the behaviour of a saturated porous medium is governed by the combination of two equations: the balance of momentum for the mixture solid-fluid, and the mass balance for the pore fluid.
Balance of momentum for the mixture solid-fluid
where b i is the body force per unit mass,ü i is the acceleration of the solid skeleton and ρ is the density of the solid-fluid mixture ρ = φρ f + (1 − φ)ρ s , being φ the porosity of the soil, ρ f the density of the fluid and ρ s the density of the solid. Let us introduce the general definition for the effective stress (1) into the balance of momentum equation (4) . This gives
Mass balance for the pore fluid
where ζ is the fluid mass content per unit volume and q i represents the flow rate. It should be noted that Equation (6) is in a linearized form of the general mass balance expression as the fluid density variation effect has been ignored. The mass balance equation is modified as follows. Let us first consider the constitutive equation presented in [2] relating the fluid mass content per unit volume ζ with the volumetric strain of the solid skeleton and the pore pressure p.
where Q is a combined compressibility of the fluid-solid phases, also called Biot's modulus [44] 1
being K f the bulk modulus of the fluid phase. Let us now make use of the generalized form of Darcy's law
where µ is the dynamic viscosity of the fluid and k ij is the intrinsic permeability matrix of the porous medium. Taking into account the relations from equations (7) and (9), the mass balance equation (6) can be rewritten as
Equations (5) and (10) (11) with
The boundary conditions for this problem are specified as:
whereũ i andt i are the prescribed displacements and surface tractions, respectively.
wherep andq n are the prescribed pore pressure and the normal flow rate, respectively.
In order to express the resultant system of equations in a more compact manner, we will rewrite equations (5) and (10) in matrix form using Voigt notation as follows.
• Balance of momentum
• Mass balance
For a general 3D case, we have
The above system of partial differential equations (17) and (18) can be discretized by interpolating the displacement and pressure fields as: u = N uū and p = N pp where(·âĂć) denotes nodal values and
withN i and N i being, respectively, the shape functions of the displacement and pressure interpolations, which do not necessarily need to coincide.
Following the standard Galerkin technique [45, 46] , we left multiply Equation (17) by test functions N T u and Equation (18) by test functions N T p and integrate them over the spatial domain Ω to obtain the following set of ordinary differential equations
where r u and r p are the residual vectors for the momentum and the mass balance equation, and
with B = SN u .
The time derivatives of u and p are approximated using the Generalized Newmark scheme. Thus, for a new time step n + 1, we use the GN22 scheme for displacements [47] :
and the GN11 scheme for pressure:
which are unconditionally stable for β ≥ 
whereū n+1 andp n+1 are the nodal unknowns at time n + 1, andû n ,û n andp n stand for values that are computed from known parameters at time n as:û
The Newton-Raphson method is used to solve the problem iteratively. Thus, at a time step n + 1 and the iteration i + 1 we have: (38) where K tan is the tangent stiffness matrix:
Note that the system of equations (38) can be made symmetric by multiplying Equation (33) by −β∆t/γ.
FIC stabilized element

Introduction to the FIC-stabilization procedure
For a quasi-static problem the term involving the mass matrix is omitted. Also, in the undrained-incompressible limit, i.e. when k → 0 and Q → ∞, the matrices C and H vanish and the system of equations (38) becomes
The resultant system matrix is almost identical to that frequently encountered in the solution of incompressible elasticity or incompressible fluid mechanics problems [24, 32] . In such cases, the spaces used to approximate the displacement (or the velocity) and pressure fields must fulfill the Babuska-Brezzi conditions [20, 21] or the Zienkiewicz-Taylor patch test [49, 50] in order to avoid spurious oscillations and locking in the pressure field.
With the equations presented so far, these conditions can be accomplished using shape functions for the displacement field one order higher than those for the pressure field. Some examples of "stable" 2D elements are depicted in Figure 1 . However, low order finite elements with equal order interpolation for the displacements and the pressure are very attractive due to their simplicity and efficiency, and so stabilization techniques must be applied if one aims at solving large scale 3D computations.
The stabilization approach implemented in this work relies on the Finite Calculus (FIC) method [26, 27, 31, 32, 41, 42] and affects only the continuity equation with the balance of momentum remaining unchanged.
For the sake of clarity, let us redefine the mass balance equation (10) as:
As stated in the introduction, this technique is based on the second-order FIC form of the mass balance equation in space for a quasi-incompressible fluid. This can be written as [42] :
where n s are the number of space dimensions (i.e. n s = 3 for 3D problems). In a 2D case Equation (42) is obtained by expressing the balance of mass in a rectangular domain of finite size with dimensions h 1 × h 2 , where h i are arbitrary distances, and retaining up to third-order terms in the Taylor series expansions used for expressing the change of mass within the balance domain [41] . The derivation of Equation (42) for a 1D problem is shown in [42] .
The FIC term in Equation (42) plays the role of a space stabilization term, in which h i are space dimensions related to the characteristic element dimensions. Note that for h i → 0 the standard form of the mass balance equation (41), as given by the infinitesimal theory, is recovered.
Remark 1 : Equation (42) can be interpreted as a particular class of residualbased stabilization methods applied to the strong form of the mass conservation equation. This ensures the consistency of the stabilization method in the discretized problem.
Modified FIC-stabilized form of the mass balance equation
Let us first expand Equation (42) using Equation (41) as
Next we split the stress tensor into its deviatoric and volumetric components as
where s ij is the deviatoric stress tensor and σ is the hydrostatic pressure defined as σ = σ ii /3. In the same way, we split the strain tensor into its deviatoric and volumetric parts as
with e ij being the deviatoric strain tensor and = ε ii the volumetric dilation. Now let us write the isotropic linear elastic constitutive equations:
where G is the shear modulus,
where σ = σ ii /3 is the mean effective stress and α is the Biot's coefficient defined in Equation (2) . Combining Equations (44), (45), (46) and (47), we express the stress tensor as
At this point, we substitute the above expression in the balance of momentum (4). This gives
From this point forward, in the derivation of equations (43), (49) and in the following, we neglect the space and time changes of α, Q, G and ρ in the derivatives.
If we now apply the divergence operator to both sides of Equation (49), differentiate it with respect to time, and rearrange the terms we can obtain
In the previous equation the term ρ
can be neglected and the term involving the third derivative of the displacements with respect to time can be obtained from the mass balance equation. Thus if we differentiate Equation (10) twice with respect to time assuming that the time derivative of the body force per unit mass is negligible, and we take into account the definition of the volumetric strain =
Introducing (51) into (50) gives
At this point, we can already substitute the above relation in Equation (43) giving
The above equation can be simplified if we take into account that the last term involves the fourth order spatial derivative of the pore pressure and the third order spatial derivative of the body force per unit mass. In practical problems these terms are either zero (for constant body forces) or much smaller than the others. Hence, these terms will be omitted for the rest of this work. Furthermore, numerical results have shown that the terms 
In the following we will assume h i = h where h is a characteristic length related to a typical average dimension of each element in the mesh. After rearranging terms, Equation (54) can be rewritten as
where τ is a stabilization parameter given by
The form of the stabilization parameter in Equation (56) resembles that typically used in other stabilized procedures. We note that this term has naturally formed from the FIC formulation.
Remark 2 : In the examples solved in the work we have chosen h = l e , where l e is a characteristic element length that, for 2D problems, is taken as the diameter of a circle with the area of the element, while for 3D problems, it is the diameter of a sphere with the volume of the element. In essence
where A e and V e represent the area and the volume of the element, respectively.
Remark 3 : The presence of the characteristic element length l e in equation (56) helps us control the diffusion of the stabilized solution, avoiding overdiffusive numerical results provided that fine enough discretizations are used. This fact is clearly shown in the example of section 5.2.
Variational form of the FIC-stabilized mass balance equation
The variational expression of the FIC-stabilized mass balance equation is obtained by multiplying Equation (55) by arbitrary test functions v and integrating over the domain Ω to give
Integrating by parts the last two integrals of Equation (59) and applying the divergence theorem yields
where n i are the components of the unit normal vector to the external boundary Γ of Ω.
Introducing the boundary condition (16) and rearranging terms we have
Using the stress decomposition in (48), we can rewrite the boundary condition (14) as
Next if we apply the divergence operator to both sides of Equation (62), differentiate it with respect to time and rearrange terms we have
In all typical problems the divergence of the traction vector will be zero and so it will be the term 
where ∂ṗ ∂n is the derivative ofṗ in the direction of the normal to the external boundary. This derivative can be approximated as shown in Figure 2 . Using the previous argument, the stabilized FIC form for the mass balance equation (64) finally becomes
where h n is an arbitrary distance in the normal direction to the boundary. In our work h n has been taken as the characteristic length l e of the element adjacent to the external boundary.
Discretized form of the momentum and FICstabilized mass balance equations
Combining the discretized form of Equation (65) along with the residual obtained from the original balance of momentum equation (24) , the system of equations to be solved reads
• Mass balancer
whereŜ = m∇ T and the matrix I v appears due to the difference between the strain tensor and the strain vector expressed in Voigt notation. For a general 3D case
Note that since the test functions v are zero on the Dirichlet boundaries Γ p , matrix T b must be only computed on those external boundaries where no pressure Dirichlet conditions are imposed.
Using the stabilized residual vector (67), the system of equations for a linear elastic material, quasi-static and undrained-incompressible limit case becomes
Note that the diagonal of the iteration matrix is now different from zero. Matrices R and L emerging from the stabilized FIC formulation are essential for ensuring the consistency of the residual-based stabilization method used.
Remark 4 : The consistency of residual does not directly affect the diffusion of the numerical solution, but it helps improving the condition number of the system matrix and facilitates the convergence of the Newton-Raphson scheme.
We highlight that the FIC-FEM formulation presented is applicable to equal order interpolation approximations of the displacements and the pressure of any degree. In this work we have implemented the FIC-FEM formulation using three-noded triangles and four-noded quadrilaterals for 2D problems, and four-noded tetrahedra and eight-noded hexahedra for 3D problems, with equal order interpolation for the displacements and pressure.
Examples
This section includes two academic examples designed to assess the performance of the stabilized FIC-FEM formulation in situations near the undrained-incompressible limit. The first example is an elastic soil column subjected to a surface load. The second problem is an elastic soil foundation also subjected to a surface load.
The soil column problem is analysed in a 2D framework under plane strain conditions, whereas the soil foundation case is tackled as a 3D problem. The problems have been solved with simple elements with equal order interpolation for the displacements and the pore pressure, using the direct (non-stabilized) formulation and the FIC-stabilized formulation presented in the previous sections. Stable mixed elements with higher order interpolation for the displacements have been used to validate the FIC-stabilized element.
In both problems, the porous medium is under totally saturated conditions with isotropic permeability. The effect of gravity is not considered.
Elastic soil column subjected to surface loading
This example consists on a 1 × 30 m column of saturated soil subjected to a surface loading that lies on a rigid rock bed. The geometry and boundary conditions of the problem are shown in Figure 3 .
The material parameters of the soil column are summarized in Table 1 . It must be noticed that the indices 1 and 2 in the solid bulk modulus K s , the fluid bulk modulus K f and the intrinsic permeability k denote the different cases that have been considered here. Index 1 corresponds to the nearly undrained-incompressible limit, and index 2 corresponds to a more relaxed condition. This problem is solved in a 2D configuration under plane strain conditions. The geometry is discretized with a structured mesh of 20 quadrilat-eral elements. We have solved the problem using four-noded quadrilateral elements with bilinear shape functions for both the pressure and the displacements (Q4P4), and nine-noded quadrilateral elements with biquadratic shape functions for the displacements and bilinear shape functions for the pressure (Q9P4).
Two different load cases have been considered: a surface step loading ( Figure 4 ) and a surface cyclic loading ( Figure 6 ).
Step loading case
The main purpose of this first case is to verify that the FIC-stabilized formulation captures properly the pressure distribution along the soil column under undrained-incompressible conditions. Figure 5 shows the normalized pore pressure along the normalized height of the soil column for nearly undrained conditions at a time t = 2 s.
Understanding the results of Figure 5 requires taking into account the fact that gravity is not considered. Indeed, since the only force acting over the soil column is the surface load, the pressure applied by the surface load is completely transferred to the pore pressure throughout the column height and thus the ratio p/q should equal 1.
The results obtained with the non-stabilized formulation and the fournoded quadrilaterals (hereafter called Q4P4-Direct) are not able to properly capture the pressure distribution along the column. The element locks and the pressure oscillates with arbitrary values. In contrast, by using the Q4P4 element stabilized with the FIC approach presented in this work (here called Q4P4-FIC), the correct pressure distribution is obtained. Similar good results are obtained with the Q9P4 element, as expected. Comparing the graphs in Figures 5a and 5b one can see the effect of the compressibility of the materials on the sought solution. Certainly, as we decrease the value of Biot's modulus Q, or equivalently, the bulk modulus of the solid and fluid phases K s and K f , the amplitude of the pressure oscillations obtained with the Q4P4-Direct element decreases near the rock bed. On the other hand, the results obtained with the Q4P4-FIC and Q9P4 elements remain unaltered.
Cyclic loading case
In this second case the objective is to analyse the evolution of the pore pressure in time, and assess the effect of the soil permeability on the dissipation of the pore pressure. To that purpose, Figure 7 shows the temporal evolution of the pore pressure at a node located 1.5 m below the surface.
Like in the previous case, the pressure obtained here should reflect the load applied on the surface. From the results in Figure 7 , it is clear that the three tested elements show sinusoidal pressure evolutions in time. However, from the nearly undrained case of Figure 7a , it appears that while the Q4P4-FIC element shows a pressure that correctly oscillates from 500 to 1500 N/m 2 , the Q4P4-Direct element presents pressure values that vary from 1000 to 3000 N/m 2 , making no sense. One must notice that although the Q9P4 element shows higher pressures than the stabilized element, after refining the mesh up to 60 elements, the Q9P4 results are in good agreement with the solution obtained with 20 Q4P4-FIC elements (Figure 8 ). This evidences the good accuracy of the stabilized FIC-FEM Q4P4 element.
Looking at the graph depicted in Figure 7b one can see that, by increasing the intrinsic permeability k, the problem is no longer as bad conditioned as before, and so the gap in the amplitude of the three elements diminishes. Moreover, a greater permeability implies that the water can flow towards the surface due to the deformation of the column. Thereby, a dissipation in the pore pressure occurs as the computation advances in time. Finally, it is also interesting to notice that the pressure becomes negative after the soil has drained a certain amount of water. This is easily understood if one thinks about the elastic behaviour considered for the porous medium. Since the applied load is oscillating, the deformation of the elastic soil experiments a similar behaviour. In consequence, when the soil recovers its initial position as the load reduces, a suction appears that makes the pore pressure negative at some points near the surface. 
Elastic soil foundation subjected to surface loading
This second example consists on a pillar foundation on a saturated soil stratum lying over a rigid rock bed. The geometry and boundary conditions are sketched in Figure 9 . Figure 9 : Elastic soil foundation subjected to surface loading. Geometry and boundary conditions. The material parameters for the soil are the same as for the previous example (Table 2) .
Parameter Value
Young modulus (E) 2. In this case the soil is subjected to a surface step loading of 1 · 10 4 N/m 2 applied in a linear increment during 0.1 s (Figure 10 ). As stated before, this problem is solved by means of a 3D analysis. We use four-noded tetrahedral elements with linear interpolation for the displacements and the pressure in the non-stabilized form (T4P4-Direct) and the FIC-stabilized formulation (T4P4-FIC). Ten-noded stable tetrahedral elements with quadratic shape functions for the displacement field and linear shape functions for the pressure field (T10P4) have also been used in the analysis for comparison purposes.
This example has two objectives. First, it should help analysing the effect of the spatial discretization on the solution obtained with the FICstabilized formulation. Second, it may allow us to assess whether the three element types considered here converge to the expected solution when the mesh is refined.
In order to do so, two different unstructured spatial discretizations have been used: a coarse uniform mesh (Figure 11a ) and a refined non-uniform mesh (Figure 11b ). In Figure 12 we represent the evolution of the maximum pore pressure with time under nearly undrained-incompressible conditions for both the coarse and refined meshes using ∆t = 0.02 s. The impermeability of the case makes that the pore pressure remains constant after the first 0.1 s of application of the load for the two stable elements, the T10P4 and the T4P4-FIC. We see, though, a different behaviour in the unstable T4P4-Direct element, showing a certain dissipation for the finer mesh.
Comparing the T10P4 and the T4P4-FIC elements we notice that, while the first one surpasses the threshold of 10000 N/m 2 for both meshes, the latter is always below the value of the applied load. In any case, both elements approach the expected solution as the mesh is refined, which indicates a consistent response. If we look at the contour lines of the pore pressure distribution obtained at time t = 1 s in Figure 13 , we can understand the abnormal behaviour of the T4P4-Direct element. Indeed, the direct mixed formulation with equal order interpolation elements locks under undrained-incompressible conditions which leads to the incoherent pressure distribution obtained. Next we evaluate the capabilities of the FIC stabilized formulation to reproduce a solution where stabilization is not needed. For this purpose the previous problem has been solved for partially drained and compressible conditions up to t = 5 s (Figure 14) . Results are again shown at t = 1 s for ∆t = 0.02 s (Figure 15 ). Under these relaxed conditions, the equal order interpolation mixed element with the direct formulation is able to capture acceptable pressure distributions as expected (Figures 15a and 15b) .
The higher permeability of this second case also permits capturing the so-called Mandel-Cryer effect, i.e. the increase of pore pressure due to the application of the load is immediate, but the dissipation due to the outflow of the pore fluid is delayed by the permeability of the porous medium [51] . Figures 14a and 14b show that, after the first 0.1 s of loading, the fluid starts draining due to the consolidation of the soil.
In order to properly understand the low peak pore pressure obtained with the T4P4-FIC element in Figure 14a , it is useful to recall the definition of the stabilization parameter in equation (56) and observe carefully the mesh in Figure 11a . It can be noticed that the area of application of the load is covered by only two triangular faces. This implies that the characteristic element length around that particular zone is relatively large, and so it is the stabilization parameter. As a result, one obtains an over-diffusive solution that leads to an underestimation of the maximum pore pressure.
However, it is interesting to see that the larger peak pore pressure obtained with the T4P4-Direct and the T10P4 elements, caused by an initial locking of the pressure field, converges to the solution obtained with the T4P4-FIC element after the soil consolidates.
On the other hand, the results for the maximum pressure obtained with the refined non-uniform mesh (Figures 14b, 15b, 15d and 15f ) converge all to an almost identical value. This evidences that the FIC stabilization does not alter negatively the solution obtained with the original non-stabilized mixed formulation. 
Conclusions
A stable displacement-pore pressure FIC-FEM formulation for solving coupled solid-pore fluid interaction problems has been successfully implemented for 2D and 3D analysis. The formulation represents the first application of the second order FIC mass balance equation in space to the stabilization of a poromechanics problem. The FIC-FEM formulation has been used to solve an elastic saturated soil column subjected to surface loading in a 2D problem under plane strain conditions. It has proven to avoid arbitrary oscillations along the column, and it has shown consistent results for both transient and cyclic loading cases, despite modifying the material compressibility and permeability.
Additionally, the FIC-FEM procedure has been tested in a 3D problem of an elastic saturated soil foundation. The effect of the spatial discretization on the sought solution has been addressed in this case. This problem has showed that the the residual-based character of the FIC-stabilization favours that the numerical solution converges to the expected solution as the mesh is refined. Moreover, after relaxing the undrained-incompressible conditions, it has been shown that the FIC stabilization does not alter negatively the response obtained in the original non-stabilized mixed formulation, and yields an accurate solution.
Comparing this work with other classical stabilization methods, we must notice that the FIC stabilization allows solving the problem in a fully coupled manner without relying on the time stepping algorithm. It also avoids the calibration of the stabilization parameter, which simply depends on the characteristic element size.
Finally, like in the projection stabilization method, the presented FICbased approach does not require additional basis functions or element level condensation, but relies on higher-order derivatives to obtain the terms that ensure the consistency of the residual-based procedure.
